The purpose of this paper is to present a general framework for the design of a nonlinear disturbance observer for Euler-Lagrange systems, in particular, for mechanical, electro-mechanical, and power electronic systems. The generalized momentum plays a crucial role in realizing the proposed method, and the global stability is guaranteed under certain conditions. In the absence of parameter variations and/or model uncertainties, the proposed method guarantees global exponential stability. Otherwise, model uncertainties and parameter variations are merged with the input disturbance into a "lumped disturbance term". Then under boundness assumption on the lumped disturbance term, the observer can asymptotically estimate to any desired accuracy the lumped disturbance. In the sequel of this paper, motivated by the proposed nonlinear disturbance observer, a robust tracking control for robot manipulators is proposed. Again, in the absence of parameter variations and/or model uncertainties, the global stability is guaranteed. Otherwise, using tools from singular perturbation theory, the proposed method ensures arbitrary disturbance attenuation, small tracking error, and boundness of all closed loop signals. The theoretical results are illustrated on friction compensation and robust tracking of two degrees of freedom planer robot manipulator with short comparison with a classical, linear disturbance observer.
Introduction
The importance of a disturbance observer to achieve high performance in motion control is obvious. Thus, the problem of controlling uncertain dynamical systems subject to external disturbance using disturbance observer based control has received a considerable amount of attention in the past several years (see (1) - (9) and the references therein). In almost all the cases, to achieve robustness with respect to disturbance, a linear disturbance observer, originally proposed in (6) , has been used. The role of the disturbance observer in the previous papers is to make the actual system to behave like a nominal, linear system by generating an input to reject the disturbance. Then a feedback and/or feedforward controller is integrated with the disturbance observer to achieve the desired performance. This, as pointed out in (7) , is an alternative design of integral controller.
Although, linear disturbance observer has been successfully used in nonlinear systems for different tasks, the design and the analysis were carried out using linear theory. Therefore, for general nonlinear Euler-Lagrange systems, the results are inherently local in nonlinear theory point of view. Hence, it is desirable for a nonlinear disturbance observer to inherit the merit of the classical disturbance observer, and this is the purpose of this paper.
Toward that end, in our framework, not only the controller is allowed to be nonlinear but also the nominal system is not restricted to be a linear system. That is, the nominal system can be a nonlinear system.
For the entire class of Euler-Lagrange systems, there is no result reported in the literature regarding a general framework to design nonlinear disturbance observer based control that ensures arbitrary disturbance attenuation and boundness of all closed loop signals under unknown time varying disturbances and model uncertainties. However, there are some results regarding nonlinear disturbance observer. Based on variable structure theory for a class of minimum phase systems, a nonlinear disturbance observer has been proposed in (13) (14) . The performance of the proposed observer depends on small design parameters that are limited by sampling period. Moreover, no theoretical result has been reported regarding the stability of the composite system, i.e., the controller and the observer. Based on disturbance observer concept, (15) proposed nonlinear disturbance observer for two-link manipulator using Lyapunov theory under the assumption that the disturbance is an unknown constant. Although there is some flexibility in the design procedure, the condition of global stability is restrictive. Thus, it is hard to guarantee global stability for general mechanical systems. A similar idea has been considered for a class of nonlinear systems in (16) under the assumption that the disturbance is generated by exosystem, deterministic external disturbance, with well-defined relative degree. Our method shares some similarity with (15) (16) . However, in comparison with (15) (16) and the aforementioned papers, the main contribution of this paper is to use the Lagrangian functions of the original system to define an intrinsic disturbance observer under less restrictive conditions and to provide in closed-form a change of coordinates. These transformations are physically meaningful and are obtained from the Lagrangian functions of the original system. The use of Lagrangian functions will simplify our construction, which is of a great beneficial from a practical point of view. Moreover, our condition of global stability is established under less restrictive conditions. Another contribution is the stability proof based on input-output stability property and singular perturbation theory in which, through the use of high gain observer a time scale separation is artificially introduced. The aim of this paper is to give a more general framework for the design of nonlinear disturbance observer based control under less restrictive conditions that is applicable to the entire class of Euler-Lagrange systems. The generalized momentum plays a crucial role in realizing the proposed method, and the global stability is guaranteed under certain conditions. In the absence of parameter variations and/or model uncertainties, the proposed method guarantees global exponential stability. Otherwise, using tools from singular perturbation theory, the proposed method ensures arbitrary disturbance attenuation, small tracking error, and boundness of all closed loop signals.
Throughout this paper, . denotes the Euclidean norm in the appropriate space of vectors, and for matrices denotes the induced norm.
The paper is organized as follows: in section 2, a new nonlinear disturbance observer is proposed for general Euler-Lagrange systems, and our first main result is shown in proposition 1. Motivated by the proposed nonlinear disturbance observer, section 3 contains proposition 2, our second main result on robust stabilization subject to deterministic external disturbance. In section 4, model uncertainties and parameter variations are merged with the input disturbances into a "lumped disturbance term". Then under boundness assumption on the lumped disturbance term, proposition 3 ensures that the observer can asymptotically estimate to any desired accuracy the lumped disturbance. In section 5, under model uncertainties and external time varying disturbances, the closed loop system is shown to be equivalent to a singular perturbation model. Then using tools from singular perturbation theory, the proposed method ensures arbitrary disturbance attenuation, small tracking error, and boundness of all closed loop signals. For linear mechanical system, we show the equivalence of the proposed method and the classical disturbance observer, in section 6. Numerical simulations are carried out in section 7 with comparisons to a classical method. Finally, concluding remarks are given in section 8.
A New Nonlinear Disturbance Observer
In this section, we propose a general framework to design a nonlinear disturbance observer for Euler-Lagrange systems. Our design method is independent of the Lagrangian form. Therefore, there is no loss of generality if the discussion is carried out for a general mechanical system. Toward that end, consider a general mechanical system with an n-dimensional configuration vector n R q ∈ and a Lagrangian L. In classical mechanics, L takes the following form
where K and V are the kinetic energy and potential energy, respectively. M(q) is the symmetric, positive definite inertia matrix. The Euler-Lagrange equations for this system can be written as
where n R u ∈ is the control input and n R d ∈ is the time varying input disturbance. The dynamics of the disturbances is assumed to be governed by the following exosystem ) (
Traditionally, Eq. (3) has been widely considered in nonlinear output regulation problems (12) . a d (. (5) is not realizable due to the dependence on the disturbance itself, which is usually unknown. Solving Eq. (2) for the disturbance, we get
Unfortunately, the term
q , which is hard to measure or estimate. To overcome the difficulty, consider the global
The term q L ∂ ∂ / is the generalized momentum, which serves as the key building block of our disturbance observer. In the new coordinates, Eq. (7) can be transformed into
The derivation of Eq. (9) is straightforward, only taking the time derivatives of Eq. (8) and making use of Eqs. (7) and (8) to yield the result. Clearly, the proposed disturbance observer in Eq. (9) is acceleration free. Therefore, it represents a realizable nonlinear disturbance observer. Now, we are in a position to state proposition 1, our first main result.
Proposition 1: Consider the general mechanical system in Eq. (2) under the unknown disturbance generated by Eq. (4) subject to the nonlinear disturbance observer law Eqs. (9) and (10) . If the gain matrix K is chosen such that (A d -KC d ) is Hurwitz matrix, then the estimation error will globally converge to zero exponentially as t→∞.
Proof: Defining the error as z z e z− = makes use of Eq. (8) . Then taking its derivative and using Eqs. (8)~ (10), Eqs. (4) and (2), we get
By standard observability assumption, the pair ( )
is an observable pair. Hence, all the eigenvalues of (A d -KC d ) can be arbitrarily assigned.
Remark 1:
In this paper, we are interested in the disturbance observer problem rather than the state observer problem. Therefore, the closed loop behavior of the proposed disturbance observer under a state observer will be the subject of a future publication.
Remark 2: Although the derivation of the proposed observer was done for a full-actuated mechanical system, the proposed disturbance observer is not affected by whether the mechanical system is full actuated or under-actuated. Therefore, the same procedure is valid for the under-actuated mechanical system without any modification.
Disturbance Observer Based Tracking Control
In this section, motivated by the proposed nonlinear disturbance observer in section 2, a disturbance observer based tracking control is proposed. Toward that end, the general mechanical system in Eqs. (2) can be rewritten in matrix form as follows:
is a symmetric, uniformly positive definite inertia matrix that satisfies 0 ) (
includes Coriolis, centrifugal terms, and the terms derived from potential energy. If there is no existence of input disturbance, the computed torque method (18) (that is, exact feedback linearization (17) ) suggests the following invertible change of control input
is a new control input that takes the following from ) ( ) (
where q d is the reference trajectory. Therefore, the closed loop dynamics is governed by 
λ λ (16) Therefore, if d≠0, the system can only be driven to a neighborhood of the desired trajectory. In order to achieve exponential error convergence, a modified version of the computed torque method is proposed as follows:
Here, dˆ is the estimated disturbance. Now, we are in a position to state proposition 2, our second main result.
Proposition 2: Consider a general mechanical system Eq. (11) subject to the unknown disturbance generated by Eq. (4). The closed loop system of the modified computed torque method Eq. (17) based on nonlinear disturbance observer Eqs. (9) and (10) is globally asymptotically stable.
Proof: The closed loop dynamic of the modified computed torque method can be written as
In error coordinates, for all t ≥ 0 and satisfies the input to state stability property (20,page 18) . That is, (20, pages 15-17) , the composite system is global asymptotically stable.
Remark 3: It should be pointed out that, when the types of disturbances are unknown and/or model uncertainties exist, the disturbances cannot be assumed to satisfy Eq. (4). Therefore, in the next section, under some boundness assumption on the disturbance rate of change, the estimation error can be designed to be as small as it is needed.
An Analysis of Arbitrary Disturbances and/or Model Uncertainties
In this section, a combination of model uncertainties, parameter variations, and the external disturbances are assumed to be lumped into a disturbance term δ(t). This assumption is widely used since the original work of (6) . Hence, the general mechanical system in Eq. (2) can be rewritten as follows:
where n (.) denotes the nominal function and δ(t) is the lumped disturbance term due to model uncertainties, parameter variations, and input disturbances. Therefore, we cannot assume that the lump disturbance satisfies Eq. (4). However, under some boundness conditions, it will be shown that the estimation error can be designed to be as small as needed. Toward that end, assume that the lumped disturbance δ(t) has a bounded derivative, that is,
It is important to note that we only need β to be known but not necessarily to be small. Therefore, inequality (23) is not crucial. If the only information about the lumped disturbance is the bound term in inequality (23), then it is intuitive to consider the following disturbance observer, slightly modified versions of Eqs. (9) and (10), 
The observer in Eqs. (24) and (25) is designed with respect to the nominal value of the Lagrangian. Now, we are in a position to state proposition 3.
Proposition 3: Consider the general mechanical system in Eq. (22) subject to model uncertainties, parameter variations, and input disturbances. Assume that it is possible to merge model uncertainties, parameter variations, and input disturbances into a lumped disturbance term δ(t). 
Remark 4:
Note that r is proportional to the lumped disturbance derivative bound inequality (23). To ensure that the estimation error is small enough, but not exactly equal to zero, the observer must be a high gain observer, i.e., to select K large enough.
The Composite System as a Singular Perturbation Model
In this section, we will investigate the overall stability of the composite system that consists of the controller and the disturbance observer taking into consideration model uncertainties, parameter variations, and external input disturbance. Under model uncertainties, parameter variations, and input disturbance, the modified torque method is given by δ)
Therefore, the composite system in the error coordinates can be written as K is given in Eq. (26) with B and A c defined in section 3. Inspired by proposition 3 proof and remark 4, it is concluded that, in order to achieve arbitrary small estimation error, the observer must be a high gain observer. In view of this, Eqs. 
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Proposition 4: Consider the general mechanical system in Eq. (22) subject to model uncertainties, parameters variations, and input disturbances. Assume that it is possible to merge model uncertainties, parameter variations, and input disturbances into a lumped disturbance term δ(t). Assume that the lumped disturbance term satisfies inequality (23).
Then the solution of the closed loop system of the modified computed torque method Eq.(34) based nonlinear disturbance observer Eqs. (24) and (25) 
Remark 5:
The conclusion of proposition 4 coincides with the conclusion of proposition 3, i.e., σ 2 can be taken as β/θ.
Remark 6:
The proposed nonlinear disturbance observer can be used with any existing control method to achieve arbitrary disturbance attenuation, i.e., the used control algorithm is not a crucial issue in the proposed disturbance observer.
Nonlinear vs Linear Disturbance Observer
To provide a basis for comparison between our method and the classical disturbance observer based control, recall that in classical disturbance observer based robot control, each joint is treated as a simple inertia system. Then a disturbance observer is closed around each joint and all the other nonlinear and time varying terms are treated as a disturbance to be canceled. Finally, a linear controller is integrated with the disturbance observer to achieve the desired performance. In this sense, we can establish a link, given in proposition 5 below, between the classical disturbance observer and the proposed one.
Proposition 5: Consider the general mechanical system in Eq. (22). The nonlinear disturbance observer given in Eqs. (24) and (25) and the classical disturbance observer originally proposed in (6) 
Clearly, Eq. (46) is identical to the classical disturbance observer taking K as the cutoff frequency of the low-pass filter Q(s), see Fig. 1 . 
Numerical Simulation Results
In this section, the theoretical values of the proposed nonlinear disturbance observer and its application to robust stabilization and output tracking will be highlighted through application to two degrees of freedom planer robot manipulator shown in Fig. 2 . For comparison, the same simulations using a classical disturbance observer are carried out as well. For a two-link robot arm, the Lagrangian takes the following form
and, the potential energy takes the following form
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Here, m i , I i , L i and L ci represent the mass, inertia , length, and length of center of mass for the first and second links, respectively. The nominal parameters of the simulated robot are shown in Table 1 . First, friction estimation and compensation are discussed followed by load variation. A recent friction parameterization given in (10) is as follows:
are unknown positive constants. As pointed out in (10) , Eq. (47) contains static coefficient of friction and Coulombic friction with Stribeck effect and viscous dissipation term. It is also symmetric about the origin. For simulation purposes, the unknown positive constants are assumed to take the following values (11) The desired trajectories of both joints are
The controller is designed to achieve certain performance with the following gains: λ 1 =25 and λ 2 =10. To be clear, we will take two different values for the disturbance observer gains K=diag{k 1 , k 2 }. In case 1, k 1 =k 2 = 100, and in case2, k 1 =k 2 = 200, i.e., ε=0.01 and 0.005, respectively. Based on section 6, the gains of the proposed method and the classical method are assumed to be the same. First, a simulation was carried out for the computed torque method using the nominal nonlinear system, i.e., without friction and load variation. The response forms the desired performance we want to maintain under the effect of friction and load variation. The nominal performance is depicted in Figs. 3 Clearly, not only the proposed method yields superior performance with respect to the classical method, but also the control effort needs not be large to achieve stabilization.
Conclusion
For Euler-Lagrange systems, a general framework to design nonlinear disturbance observer based control is presented in this paper. The generalized momentum plays a crucial role in realizing the proposed method, and the global stability is guaranteed under certain conditions. In the absence of parameter variations and/or model uncertainties, the proposed method guarantees global exponential stability. Otherwise, using tools from singular perturbation theory, the proposed method ensures arbitrary disturbance attenuation, small tracking error, and boundness of all closed loop signals. Numerical simulations of the proposed method for two degrees of freedom robot demonstrate the effectiveness of the proposed method compared with a classical, linear disturbance observer. nominal performance is shown in dashed line; the performance using the classical method is shown in dotted line, while that using the proposed method is shown in continuous line. shown in dashed line; the performance using the classical method is shown in dotted line, while that using the proposed method is shown in continuous line. nominal performance is shown in dashed line; the performance using the classical method is shown in dotted line, while that using the proposed method is shown in continuous line. 
